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Abstract
We introduce a generalization of Brauer character to allow arbitrary finite length mod-
ules over discrete valuation rings. We show that the generalized super Brauer character of
Tate cohomology is a linear combination of trace functions. Using this result, we find a
counterexample to a conjecture of Borcherds about vanishing of Tate cohomology for Fricke
elements of the Monster.
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1 Introduction
Conway and Norton’s Monstrous Moonshine conjecture [7] stated the existence of a graded
representation V =
⊕
n∈Z Vn such that for any element g of the monster group M, the McKay-
Thompson series Tg(τ) =
∑
n∈Z Tr(g|Vn)qn−1 (q = e2piiτ ) is a Hauptmodul for some genus
0 congruence subgroup of SL2(R). Frenkel, Lepowsky, and Meurman [8] constructed a well-
behaved graded representation as a vertex algebra, and Borcherds [2] showed that this vertex
algebra satisfied Conway and Norton’s conjecture.
The original modular moonshine conjectures of Ryba asserted the existence of vertex algebras
gV over finite fields with finite group actions, such that the graded Brauer characters are genus
zero modular functions. He also suggested a construction of the vertex algebra gV (see Section
3) for an element g ∈ M of prime order p and of conjugacy class pA, in terms of a self-dual
integral form of the monster vertex algebra whose existence was proved later by Carnahan
[5]. Borcherds and Ryba reinterpreted the modular moonshine conjectures in terms of Tate
cohomology with coefficients in V . They proved that Hˆ1(g, V ) = 0 for any Fricke element
g of odd prime order, and Borcherds proved that if h is a p-regular element of CM(g), then
T˜r(h|Hˆ i(g, V )) = ∑n∈Z T˜r(h|Hˆ i(g, Vn))qn−1 (i = 0, 1) is a linear combination of Hauptmoduls
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for any non-Fricke element g of odd prime order [3],[4]. He conjectured that Tate cohomology
Hˆ1(g, V ) for any Fricke element vanishes.
It is natural to consider Tate cohomology of V for elements of composite order, but there
are no results in the literature. Tate cohomology does not yield vector spaces over a field
when the element has composite order, but Brauer characters are only defined for such objects.
Specifically, Tate cohomology yields torsion modules over the ground ring. We can’t use the
Brauer character for such modules because it is defined only for representations defined over a
field and p-regular elements. So, we need to define a generalized Brauer character.
In section 2, we introduce some terminology in this paper. In section 3, we summarize the
modular moonshine conjecture for elements of prime order. In section 4, we consider ramified
extensions Rp of Zp and calculate Tate cohomology. In section 5, to generalize the modular
moonshine conjectures, we define a generalized Brauer character and show that the generalized
super Brauer character of Tate cohomology is a linear combination of traces. This is a gen-
eralization of Proposition 2.2 of [4] to the composite order case. Using this result, we give a
counterexample to a conjecture of Borcherds about vanishing of Tate cohomology. We propose
a weaker conjecture about vanishing of Tate cohomology.
Notation
AG The largest submodule of A on which G acts trivially.
Aut The automorphism group of something.
C The complex numbers.
CG(g) The centralizer of g in G.
Cent(G) The center of G.
End V The endomorphisms on V .
fˆ The discrete Fourier transform of f .
Fp A finite field of order p.
Frac(R) The fraction field of R.
Frobp The Frobenius endomorphism.
g An element of G, usually of order N .
〈g1, g2, · · · 〉 The group generated by g1, g2, · · · ∈ G.
G A group, often cyclic group of order N and generated by g.
h An N -regular element of G.
H The upper half plane of C.
Hom(A,B) The homomorphisms from A to B.
Hˆ i(G,A) A Tate cohomology group of G with coefficients in the G-module A.
Hˆ i(g,A) A Tate cohomology group Hˆ i(〈g〉, A).
Hˆ∗ (g,A) The sum of the Tate cohomology groups Hˆ0(g,A) and Hˆ1(g,A).
I The kernel of the natural map from Zp[G] to Zp.
idV The identity map on V .
Im The image of a map.
k The residue field R/mR with prime characteristic p.
Ker The kernel of a map.
mR A maximal ideal of R.
M The monster simple group.
M24 A Mathieu group.
N The order of g.
Nr The norm map.
Op(G) The largest normal p-subgroup of the finite group G.
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p A prime, often a prime factor of N .
Q The rational numbers.
R The real numbers.
R A discrete valuation ring.
Rp A finite extension of the p-adic integers.
SL2 A special linear group.
Sym The symmetric algebra of something.
StabG(λ) The stabilizer subgroup of G with respect to λ.
Tg(τ) The McKay-Thompson series of g.
Tr(g|A) The trace of g on a module A.
T˜r(h|A) The Brauer character of h on a module A.
T˜rp(h|A) A p-Brauer character of h on a module A.
v A discrete valuation.
V An integral form of the monster vertex algebra.
gV A modular vertex algebra or superalgebra Hˆ∗(g, V ).
V [[z]] The space of formal power series with coefficients in V .
V ((z)) The space of formal Laurent series with coefficients in V .
VΛ The integral form of the Leech lattice vertex algebra.
Z The integers.
Zp The p-adic integers.
ζN A primitive N -th root of unity.
Λ The Leech lattice.
µ The Mo¨bius function.
ϕ Euler’s totient function.
2 Definitions and basic notions
In this section, we introduce some terminology in this paper and will give brief definitions.
Definition 2.1. ([1]) Let R be a commutative ring. A vertex algebra over R is an R-module V
equipped with a distinguished element 1 ∈ V , a distinguished linear transformation T : V → V ,
and a left multiplication map Y (·, z) : V → (End V )[[z, z−1]], written Y (a, z) = ∑n∈Z anz−n−1
satisfying the following conditions:
• For any a ∈ V , Y (1, z) = idV , and Y (a, z)1 ∈ a+ zV [[z]].
• For any a, b ∈ V , Y (a, z)b ∈ V ((z)), i.e. anb = 0 for n sufficiently large.
• (The Jacobi identity) For any a, b ∈ V ,
x−1δ
(
y − z
x
)
Y (a, y)Y (b, z)− x−1δ
(
z − y
−x
)
Y (b, z)Y (a, y)
= z−1δ
(
y − x
z
)
Y (Y (a, x)b, z),
where δ(z) =
∑
n∈Z z
n, called the formal delta function.
• For any a ∈ V , [T, Y (a, z)] = ddzY (a, z).
1 is called a vacuum vector and Y (·, z) is called a vertex operater.
Definition 2.2. The Leech lattice Λ is the unique free abelian group of rank 24 equipped with
a symmetric bilinear form 〈·, ·〉 : Λ× Λ→ Z that satisfies the following conditions:
• (even) For all a ∈ Λ, 〈a, a〉 ∈ 2Z.
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• (positive definite) For all nonzero elements a ∈ Λ, 〈a, a〉 > 0.
• (no roots) For all a ∈ Λ, 〈a, a〉 6= 2.
• (unimodular) If we choose a basis (a1, · · · , a24) of Λ, then we may form the Gram matrix
(〈ai, aj〉)1≤i,j≤24 and its determinant is 1.
Definition 2.3. A Lie algebra over a commutative ring R is an R-module g equipped with an
R-bilinear map [·, ·] : g× g→ g satisfying the following conditions:
• For any x ∈ g, [x, x] = 0.
• For any x, y, z ∈ g, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0.
We can construct a vertex algebra for any even positive definite lattice of finite rank [1].
Let VΛ be the integral form of the vertex algebra constructed by Λ. Λ has a unique nonsplit
central extension Λˆ such that if we denote a lifting of a ∈ Λ by ea ∈ Λˆ, then eaeb = ±ea+b and
eaeb = (−1)〈a,b〉ebea so we have an exact sequence
0→ {±1} → Λˆ→ Λ→ 0.
The group of automorphisms of Λˆ that preserve the inner product on Λ is a nonsplit extension
224.Aut(Λ) of the group Aut(Λ), and this group acts on VΛ faithfully.
A lattice vertex algebra is described by using notions of affine Lie algebras and twisted group
rings. In this paper, we explain them briefly.
We consider a Lie algebra h = Λ⊗Z C with [a, b] = 0 for any a, b ∈ h. Then we take the Lie
algebra hˆ = h⊗C[t, t−1]⊕Cc satisfying relations [c, hˆ] = 0 and [x⊗ tm, y⊗ tn] = 〈x, y〉mδm+n,0c,
where δi,j is the Kronecker delta. Let hˆ
± be a subalgebra h⊗ t±1C[t±1] and hˆ0 be a subalgebra
h⊗ 1. We view C as hˆ-module which hˆ≥0 acts as 0 and c acts as 1.
We view C as {±1}-module which ±1 acts as ±1. The twisted group ring C{Λ} of Λ is
defined to be C[Λˆ] ⊗C[{±1}] C and is spanned by elements ι(eλ) := eλ ⊗ 1 for eλ ∈ Λˆ. Then we
have ea · ι(eλ) = ι(eaeλ) and {±1} · ι(eλ) = ±ι(eλ), hence C{Λ} is Λˆ-module.
VΛ ⊗Q is isomorphic to SymQ(hˆ−)⊗Q{Λ}. Λˆ and hˆ act on VΛ ⊗Q as following:
For any v ⊗ ι(eλ) ∈ VΛ, h ∈ h, n 6= 0, and ea ∈ Λˆ, writing h⊗ tn by h(n),
h(n) · (v ⊗ ι(eλ)) = h(n)v ⊗ ι(eλ), h(0) · (v ⊗ ι(eλ)) = 〈h, λ〉(v ⊗ ι(eλ)),
c · (v ⊗ ι(eλ)) = v ⊗ ι(eλ),
ea · (v ⊗ ι(eλ)) = v ⊗ ι(ea+λ).
VΛ ⊗Q is graded by Λ, called Λ-degree, and we have VΛ ⊗Q =
⊕
λ∈Λ SymQ(hˆ
−)⊗Qι(eλ).
Let 1 be a vacuum vector of VΛ and let Y (·, z) be a vertex operater on VΛ. We define
the operater D(n) by Y (v, z)1 =
∑
n∈ZD
(n)(v)zn for any v ∈ VΛ. The operater D(n) has
the properties D(0)(v) = v,D(n)D(m) =
(
n+m
n
)
D(n+m), D(n) = 0 if n < 0, and D(n)(vw) =∑
m∈ZD
(m)(v)D(n−m)(w) for any v, w ∈ VΛ. The derivation D is a element of hˆ and has Λ-
degree 0 i.e. D(n)(v) has the same Λ-degree as v.
Suppose that we choose a basis (a1, · · · , a24) of Λ and let p be a prime number. The subring
VΛ,0 is generated as a commutative ring by e
−ajD(i)(eaj ) for i ≥ 1 and 1 ≤ j ≤ 24 [4]. Let M be
the free Z-submodule of hˆQ given by the basis {e−ajD(i)(eaj )}i≥1,1≤j≤24. Then VΛ is isomorphic
to SymZ(M)⊗ Z{Λ}.
Definition 2.4. Let R be a subring of C. An R-vertex algebra V is an R-form of the monster
vertex algebra if V ⊗R C ∼= V \, where V \ is the monster vertex algebra over C.
Definition 2.5. Let G be a group and N be an integer. An element h of G is N -regular if
(|h|, N) = 1.
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Definition 2.6. Let R be a discrete valuation ring and m the maximal ideal of R. Suppose
that k = R/m has prime characteristic p and that the fraction field K of R has characteristic 0.
The Brauer character of a k[h]-module M for a p-regular element h is defined by
T˜r(h|M) = Tr(h|M˜ ⊗R K),
where M˜ is any R-free R[h]-module satisfying M ∼= M˜ ⊗R[h] k[h].
Definition 2.7. Suppose that G is a group acting on an abelian group A. Let Nr be the norm
map A → A; a 7→ ∑g∈G g(a). Then, the i-th Tate cohomology Hˆ i(G,A) is defined to be the
following:
Hˆ i(G,A) =

H−i−1(G,A) (i ≤ −2)
Ker(Nr)/〈ga− a|a ∈ A, g ∈ G〉 (i = −1)
AG/Im(Nr) (i = 0)
H i(G,A) (i ≥ 1)
,
where Hi(G,A) is the i-th homology, and H
i(G,A) is the i-th cohomology.
It has the following properties.
(1) If 0→ A→ B → C → 0 is a short exact sequence of G-modules, then we have a long exact
sequence
· · · → Hˆ i−1(G,C)→ Hˆ i(G,A)→ Hˆ i(G,B)→ Hˆ i(G,C)→ Hˆ i+1(G,A)→ · · · .
(2)
⊕
i∈Z Hˆ
i(G,A) is |G|-torsion module. In particular, if multiplication by |G| is an isomor-
phism on A, then Hˆ i(G,A) vanishes for all i ∈ Z.
Moreover, if G is a cyclic group generated by g, then we have the following properties.
(3) Hˆ i(g,A) ∼= Hˆ i+2(g,A) for any i ∈ Z.
(4) Hˆ∗ (g,A) = Hˆ0(g,A) ⊕ Hˆ1(g,A) has more or less a super version of any G-invariant alge-
braic structure on A. In particular, if V is a vertex algebra, then Hˆ∗(g, V ) is a vertex
superalgebra by the composite map
Hˆ∗(g, V )⊗ Hˆ∗(g, V )→ Hˆ∗(g, V ⊗ V )→ Hˆ∗(g, V ((z)))→ Hˆ∗(g, V )((z)).
(5) If A is a finite module, then |Hˆ0 (g,A) | = |Hˆ1 (g,A) |.
Definition 2.8. Let H be the upper half plane of C. A Hauptmodul is a holomorphic function
f : H→ C satisfying the following conditions:
• f is invariant under some discrete subgroup Γf of SL2(R)
• f generates the meromorphic function field on H/Γf
Definition 2.9. A monster element g is Fricke if there is some N ≥ 1 s.t. Tg(−1Nτ ) = Tg(τ) for
any τ ∈ H.
Definition 2.10. Let R be a discrete valuation ring of mixed characteristic (0, p) i.e. R has
chracteristic 0 and R/mR has characteristic p. Let S be the ring of integers of a finite extension
of Frac(R). Then meS = mRS for some positive integer e, called the ramification index. When
e = 1, S is called an unramified extension of R. On the other hand, when e 6= 1, S is called a
ramified extension of R.
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Definition 2.11. Let R be a commutative ring with prime characteristic p. The Frobenius
endomorphism Frobp : R→ R is defined by Frobp(r) = rp for all r ∈ R.
If R is a finite field, the Frobenius endomorphism is an automorphism.
Definition 2.12. Let A be a finite abelian group, A∗ be Hom(A,C×) and f : A → C be a
function. The discrete Fourier transform fˆ : A∗ → C is defined by fˆ(χ) = ∑a∈A f(a)χ(a) for
any χ ∈ A∗.
There is an inverse discrete Fourier transform, it is described by the following
f(a) =
1
|A|
∑
χ∈A
fˆ(χ)χ(a).
3 Modular moonshine for elements of prime order
In this section, we summarize modular moonshine for elements of prime order [3],[4].
Ryba proposed the modular moonshine conjecture. The existence of a self-dual integral form
of the monster vertex algebra was not proved when he suggested it, but Carnahan proved it [5].
Theorem 3.1. (The original modular moonshine conjecture)
Suppose that an element g ∈ M has prime order p and lies in conjugacy class pA, and that
V is a self-dual integral form of the monster vertex algebra. Let V g be the set of vectors fixed by
g. We consider the following vertex algebra with characteristic p:
gV =
V g/pV g
(V g/pV g) ∩ (V g/pV g)⊥ .
For gV =
⊕
n∈Z
gVn, if h is a p-regular element of the centralizer CM(g) of g, then∑
n∈Z
T˜r(h|gVn)qn−1 = Tgh(τ) .
Let G be a finite group including an element g of prime order. Borcherds and Ryba noticed
that this definition of gV yields Hˆ0(g, V ). They redefined gV to be Hˆ∗(g, V ) and reinterpreted
the conjectures in terms of Tate cohomology. To prove the conjectures, they used the fact
that there are exactly 3 indecomposable finitely generated modules over the group ring Zp[G]
which are free as Zp-modules; there are Zp,Zp[G] and I, which is the kernel of the natural map
Zp[G]→ Zp. The Tate cohomology of these is given as following:
• Hˆ0(g,Zp) = Z/pZ, Hˆ1(g,Zp) = 0.
• Hˆ0(g,Zp[G]) = Hˆ1(g,Zp[G]) = 0.
• Hˆ0(g, I) = 0, Hˆ1(g, I) = Z/pZ.
By the following lemma, the Tate cohomology for any Z-module is identified with the Tate
cohomology for Zp-module.
Lemma 3.2. (Lemma 2.1. of [4])
If A is a free Z[1/n]-module acted on by a p-group G with (p, n) = 1, then the natural map
from Hˆ i(G,A) to Hˆ i(G,A⊗ Zp) is an isomorphism for any i ∈ Z .
The next proposition is the main tool for calculating the Brauer character of a modular
moonshine vertex super algebra.
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Proposition 3.3. (Proposition 2.2. of [4])
Let G be a finite group. Suppose that g ∈ Cent(G) has prime order p and that h ∈ G is
a p-regular element. Let A be a finitely generated Z-free Z[〈g, h〉]-module. Then Hˆ∗(g,A) =
Hˆ0(g,A)− Hˆ1(g,A) is a virtual representation of 〈h〉, and
T˜r(h|Hˆ∗(g,A)) = Tr(gh|A).
We have the following assertion by applying Proposition 3.3 to an element of the monster
group and the monster vertex algebra.
Corollary 3.4. Suppose that g is an element of M of odd prime order. Let V be an integral
form of the monster vertex algebra. If h ∈ CM(g) is p-regular, then
∑
n∈Z T˜r(h|Hˆ∗(g, Vn))qn−1 is
equal to the McKay-Thompson series Tgh(τ). In particular, it is a Hauptmodul for some genus
0 subgroup of SL2(R).
Borcherds and Ryba proved that Hˆ1(g, V ) = 0 for any Fricke element g of odd prime order.
There are two main methods for proving Hˆ1(g, V ) = 0.
First, when g has small order, we can transfer a vanishing statement from VΛ, using a
decomposition of V into submodules isomorphic to pieces of VΛ [4].
Lemma 3.5. (Lemma 4.1. of [4])
If A is a permutation module of a finite group G over a ring R with no |G| torsion, then
Hˆ−1(G,A) = 0.
(A free R-module A acted on by a group G is a permutaion module if it has a basis which is
closed under the action of G.)
Lemma 3.6. (Lemma 4.2. of [4])
The set of permutation modules is closed under taking sums, tensor products, and symmetric
powers.
Lemma 3.7. (Lemma 4.5. and Theorem 4.6. of [4])
If g is an element of odd prime order in M24 viewed as a subgroup of Aut(Λ), then Hˆ
1(g,Λ) =
0 and Hˆ1(g, VΛ) = 0.
Theorem 3.8. (Theorem 4.7. of [4])
Suppose that g is an element of the monster of type 3A, 3C, 5A, 7A, 11A, or 23A. Then
Hˆ1(g, V ) = 0.
Remark 3.9. Similarly, for an element g of the monster type 2A, they proved Hˆ1(g, V ) = 0 by
showing that Hˆ1(g,Λ) and Hˆ1(g, VΛ) vanish. The method of proof is same as the case of odd
prime order, but slightly more complicated.
Borcherds and Ryba don’t use the assumption that g has prime order in proofs of Lemma
3.7 and Theorem 3.8. However, this assumption is applied to use Lemma 3.2. Hence, we will
show that Lemma 3.2 holds without the assumption that G is a p-group, and that Hˆ1(g, V ) = 0
for an element g of the monster of type 15A or 21A in Section 4.
Second, when g has large order, it suffices to show that the coefficients c−g (n) = dim Hˆ0(g, Vn)+
dim Hˆ1(g, Vn) are equal to the coefficients c
+
g (n) = Tr(g|Vn) = dim Hˆ0(g, Vn) − dim Hˆ1(g, Vn)
[3]. This was proved by combining Hodge theory, an improved “no-ghost” theorem, and some
explicit computation.
Borcherds proved that T˜r(h|Hˆ i(g, V )) = ∑n∈Z T˜r(h|Hˆ i(g, Vn))qn−1 (i = 0, 1) is a linear
combination of Hauptmoduls for any non-Fricke element g of odd prime order [3],[4].
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Theorem 3.10. (Theorem 5.3. of [4])
If g is an element of the monster of type 2B, then Hˆ0(g, Vn) vanishes if n is odd, and
Hˆ1(g, Vn) vanishes if n is even.
Theorem 3.11. (Theorem 6.1. of [3])
If g is an element of the monster of type 3B, 5B, 7B, and 13B and σ is the element of
order 2 generating the center of CM(g)/Op(CM(g)), then Op(CM(g)) acts trivially on
gV =
Hˆ0(g, V )⊕ Hˆ1(g, V ) and σ fixes Hˆ0(g, V ) and acts as −1 on Hˆ1(g, V ).
We have the following complete description of T˜r(h|Hˆ i(g, V )) (i = 0, 1).
T˜r(h|Hˆ0(g, V )) =

Tgh(τ) (g ∈ pA, 3C)
Tgh(τ) + Tgh(τ + 1/2)
2
(g ∈ 2B)
Tgh(τ) + Tghσ(τ)
2
(g ∈ pB, 2|(p− 1))
,
T˜r(h|Hˆ1(g, V )) =

0 (g ∈ pA, 3C)
− Tgh(τ) + Tgh(τ + 1/2)
2
(g ∈ 2B)
− Tgh(τ) + Tghσ(τ)
2
(g ∈ pB, 2|(p− 1))
,
where σ ∈ CM(g)/Op(CM(g)) is an involution which acts as 1 on Hˆ0(g, V ) and as −1 on Hˆ1(g, V )
.
4 Tate cohomology and ramified extensions
Let R be a discrete valuation ring. Let g ∈ G be an element of order N , h ∈ G be an
N -regular element and A be an R[g]-module.
Proposition 4.1. If a commutative ring homomorphism R→ S is flat, then Hˆ∗(g,A⊗R S) ∼=
Hˆ∗(g,A)⊗R S.
Proof. Let Nr be a norm map as in Definition 2.7. Then, Hˆ0(g,A) ∼= Ker(g − 1)/Im(Nr). We
have an exact sequence of R-modules 0 → Im(Nr) → Ker(g − 1) → Hˆ0(g,A) → 0. If R → S
is flat, the sequense of S-modules 0 → Im(Nr) ⊗ S → Ker(g − 1) ⊗ S → Hˆ0(g,A) ⊗ S → 0 is
exact. We consider the following diagram:
0 // Im(Nr ⊗ idS)

// Ker((g − 1)⊗ idS)

// Hˆ0(g,A⊗ S)
ψ0

// 0
0 // Im(Nr)⊗ S // Ker(g − 1)⊗ S // Hˆ0(g,A)⊗ S // 0
Then, we have Im(Nr ⊗ idS) ∼= Im(Nr)⊗ S and Ker((g − 1)⊗ idS) ∼= Ker(g − 1)⊗ S. Indeed,
we can take the isomorphisms Nr ⊗ idS(x ⊗ s) 7→ Nr(x) ⊗ s and x ⊗ s 7→ x ⊗ s, respectively.
Also, the above diagram is commutative. Hence, by the Five Lemma, ψ0 is an isomorphism.
Like the degree 0 case, we have an exact sequence 0→ Im(g−1)→ Ker(Nr)→ Hˆ1(g,A)→ 0.
As well above, we consider the following commutative diagram:
0 // Im((g − 1)⊗ idS)

// Ker(Nr ⊗ idS)

// Hˆ1(g,A⊗ S)
ψ1

// 0
0 // Im(g − 1)⊗ S // Ker(Nr)⊗ S // Hˆ1(g,A)⊗ S // 0
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Then, we have Im((g−1)⊗ idS) ∼= Im(g−1)⊗S and Ker(Nr⊗ idS) ∼= Ker(Nr)⊗S. Indeed, we
can take the isomorphisms (g − 1)⊗ idS(x⊗ s) 7→ (gx− x)⊗ s and x⊗ s 7→ x⊗ s, respectively.
By the Five Lemma, ψ1 is an isomorphism.
Using the above proposition, we will prove that the 1st Tate cohomology for an element of
the monster type 15A or 21A vanishes. To do this, we will show the followng lemma.
Lemma 4.2. If A is a free Z[1/q]-module acted on by a group G with |G| = pkq and (p, q) = 1,
then the natural map from Hˆ i(G,A) to Hˆ i(G,A⊗ Zp) is an isomorphism for any i ∈ Z.
Proof. We show that multiplication by |G| is an isomorphism on Zp/Z[1/q]. For any pl ab ∈
Ker(|G|), where l is a non-negative integer and p, a, b are pairwise coprime, we have |G| · pl ab =
pl+k aqb ∈ Z[1/q]. It follows that b is a product of divisors of q and then pl ab ∈ Z[1/q]. Hence,
|G| is injective. For any ∑∞i=0 aipi ∈ Zp/Z, where ai ∈ {0, · · · , p − 1},we have ∑∞i=0 aipi ≡∑∞
i=k aip
i(mod Z). Hence, we have |G| · 1q
∑∞
i=0 ak+ip
i =
∑∞
i=k aip
i and then |G| is surjective on
Zp/Z. By the surjectivity of Zp/Z→ Zp/Z[1/q], |G| is surjective on Zp/Z[1/q]. By property (2)
of Tate cohomology, Hˆ i(G,A⊗ Zp/Z[1/q]) = 0 for all i ∈ Z. For the exact sequence
0→ A→ A⊗ Zp → A⊗ (Zp/Z[1/q])→ 0,
taking the Tate cohomology, we have a long exact sequence because of property (1) of Tate
cohomology. It follows that Hˆ i(G,A) ∼= Hˆ i(G,A⊗ Zp) for any i ∈ Z.
Lemma 4.3. If g is an element of odd order in M24 viewed as a subgroup of Aut(Λ), then
Hˆ1(g,Λ) = 0 and Hˆ1(g, VΛ) = 0.
Proof. Let |g| = pkq, where p is a prime and (p, q) = 1. By Proposition 4.1 and Lemma 4.2, we
have Hˆ1(g,Λ)⊗Z[1/q] ∼= Hˆ1(g,Λ⊗Z[1/q]) ∼= Hˆ1(g,Λ⊗Z[1/q]Zp). By the same argument as the
proof of Lemma 4.5 of [4], Hˆ1(g,Λ⊗Z[1/q] Zp) = 0. Hence, Hˆ1(g,Λ) = 0.
Similarly, we have Hˆ1(g, VΛ) ⊗ Z[1/q] ∼= Hˆ1(g, VΛ ⊗Z[1/q] Zp). We can decompose VΛ ⊗ Zp
into the following:
VΛ ⊗ Zp =
⊕
orbits〈g〉λ
 ⊕
grλ∈〈g〉λ
VΛ,grλ ⊗ Zp
,
where
⊕
grλ∈〈g〉λ
VΛ,grλ ⊗ Zp ∼= Zp[〈g〉/Stab〈g〉(λ)]⊗Zp (VΛ,0 ⊗ Zp) as Zp[g]-modules.
By the proof of Theorem 4.6 of [4], VΛ,0 ⊗ Zp is a permutation module. By Lemma 3.6,⊕
grλ∈〈g〉λ VΛ,grλ ⊗ Zp is a permutation module. By Lemma 3.6 and Lemma 3.5, VΛ ⊗ Zp is
a permutation module and we have Hˆ1(g, VΛ) = 0.
Theorem 4.4. Suppose that g is an element of the monster of type 15A or 21A. Then
Hˆ1(g, V ) = 0.
Proof. In the same way as the proof of Theorem 4.7 of [4], this statement follows from Lemma
4.3.
Let p be a prime factor of N . Now, we consider a ramified extension Rp = Zp[ζN |h|] of Zp.
We define rank 1 R-free Rp[〈g, h〉]-modules by
Rn,m = {cvn,m|c ∈ Rp, gvn,m = ζnNvn,m, hvn,m = ζm|h|vn,m}.
Any Rp[〈g, h〉]-module that is Rp-free of finite rank is an extension of {Rn,m}0≤n≤N−1,0≤m≤|h|−1.
Hence, it suffices to consider the Tate cohomology of Rn,m.
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Lemma 4.5. For any 0 ≤ n ≤ N − 1, 0 ≤ m ≤ |h| − 1,
Hˆ0(g,Rn,m) =
{
Rp/NRp (n = 0)
0 (n 6= 0) ,
Hˆ1(g,Rn,m) =
{
0 (n = 0)
Rp/(1− ζnN )Rp (n 6= 0)
,
where h acts as ζm|h| on Rp/NRp and Rp/(1− ζnN )Rp.
Proof. Rg0,m = R0,m, R
g
n,m = 0 (n 6= 0). Hence, Hˆ0(g,R0,m) = Rp/NRp,
Hˆ0(g,Rn,m) = 0 (n 6= 0), because the norm map Rn,m → Rn,m is vn,m 7→
∑N−1
i=0 g
ivn,m.
By
∑N−1
i=0 g
iv0,m = Nv0,m, the kernel of the norm map on R0,m is 0. Hence, Hˆ
1(g,R0,m) = 0.
By
∑N−1
i=0 g
ivn,m =
∑N−1
i=0 ζ
ni
N vn,m = 0 (n 6= 0), the kernel of the norm map on Rn,m is Rn,m.
Therefore, by the definition of Tate cohomology, Hˆ1(g,Rn,m) = Rp/(1− ζnN )Rp (n 6= 0).
5 p-Brauer character
Let p be a prime factor of N . Let R be a discrete valuation ring of mixed characteristic
(0, p), v : R→ Z≥0 ∪ {∞} be a surjective valuation on R and K = Frac(R).
We can’t use the Brauer character for Rp/(1− ζnN )Rp because this is not a vecter space over
a field. To solve this, we will define a p-Brauer character.
Definition 5.1. Let M be a finite length R[h]-module. Suppose that M has composition series
0 = M0 ( M1 ( · · · ( Mn = M . We define the p-Brauer character of M for an N -regular
element h by
T˜rp(h|M) =
1
v(p)
n∑
i=1
Tr(h|M˜i ⊗K),
where M˜i is an R-free R[h]-module satisfying Mi/Mi−1 ∼= M˜i ⊗R[h] R/mR[h].
Lemma 5.2. This definition does not depend on our choices of Mi and M˜i.
Proof. For Mi/Mi−1 ∼= M˜i ⊗R[h] R/mR[h] ∼= M˜ ′i ⊗R[h] R/mR[h], we have Tr(h|M˜i ⊗ K) =
T˜r(h|Mi/Mi−1) = Tr(h|M˜ ′i ⊗ K). By the Jordan-Ho¨lder theorem, the composition series of
M is unique up to permutation and isomorphism. That is, for any two composition series
0 = M0 ( M1 ( · · · ( Mn = M, 0 = M ′0 ( M ′1 ( · · · ( M ′n′ = M , we have n = n′ and some
permutation σ of {1, . . . , n} s.t. Mi/Mi−1 ∼= M ′σ(i)/M ′σ(i)−1. Hence,
∑n
i=1 T˜r(h|Mi/Mi−1) =∑n
i=1 T˜r(h|M ′σ(i)/M ′σ(i)−1) =
∑n
i=1 T˜r(h|M ′i/M ′i−1). Therefore the p-Brauer character is well-
defined.
Note that it does depend on a choice of a prime factor of N .
The p-Brauer character has the following properties.
Lemma 5.3. The p-Brauer character is additive on short exact sequences.
(“additive” means that for any short exact sequence 0 → M → M ′ → M ′′ → 0, T˜rp satisfies
T˜rp(h|M ′) = T˜rp(h|M) + T˜rp(h|M ′′).)
Proof. Let 0 → M ϕ−→ M ′ ψ−→ M ′′ → 0 be an exact sequence of finite length R[h]-modules.
Suppose that M has length m and a composition series 0 = M0 ( M1 ( · · · ( Mn = M . We
use analogous notation for M ′ and M ′′. Then the length m′ of M ′ is m+m′′ and
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0 = ϕ(M0) ( ϕ(M1) ( · · · ( ϕ(Mm) = ψ−1(M ′′0 ) ( ψ−1(M ′′1 ) ( · · · ( ψ−1(M ′′m′′) = M ′
is a composition series of M ′. By injectivity of ϕ, Mi ∼= ϕ(Mi) for any i ∈ {0, · · · ,m}
and by surjectivity of ψ, ψ−1(M ′′j )/Ker(ψ) ∼= M ′′j for any j ∈ {0, · · · ,m′′}. Hence, we have
ϕ(Mi)/ϕ(Mi−1) ∼= Mi/Mi−1 and
ψ−1(M ′′j )/ψ
−1(M ′′j−1) ∼=
(
ψ−1(M ′′j )/Ker(ψ)
)
/
(
ψ−1(M ′′j−1)/Ker(ψ)
) ∼= M ′′j /M ′′j−1.
Therefore,
T˜rp(h|M ′) = 1
v(p)
m∑
i=1
T˜r(h|ϕ(Mi)/ϕ(Mi−1)) + 1
v(p)
m′′∑
j=1
T˜r(h|ψ−1(M ′′j )/ψ−1(M ′′j−1))
=
1
v(p)
m∑
i=1
T˜r(h|Mi/Mi−1) + 1
v(p)
m′′∑
j=1
T˜r(h|M ′′j /M ′′j−1)
= T˜rp(h|M) + T˜rp(h|M ′′).
Lemma 5.4. Let S be the ring of integers of a finite extension of Frac(R) and A be a finite
length R[h]-module. Then T˜rp(h|A⊗R S) = T˜rp(h|A).
Proof. It suffices to consider the case A is a simple R[h]-module on which h acts as ζm|h|. Now,
T˜rp(h|A) = 1vR(p)Tr(h|A˜⊗Frac(R)), where vR is a discrete valuation on R, A˜ is an R-free R[h]-
module satisfying A ∼= A˜ ⊗R[h] R/mR[h] and mR is a maximal ideal of R. We have A ⊗R S ∼=
A˜⊗R[h] R/mR[h]⊗R S ∼= A˜⊗R[h] S/mRS[h].
Let vS be a discrete valuation on S and mS be a maximal ideal of S. If S is an unramified
extension, then mS = mRS and vS(p) = vR(p). Hence,
T˜rp(h|A⊗R S) = 1
vS(p)
Tr(h|A˜⊗R S ⊗ Frac(S)) = 1
vR(p)
Tr(h|A˜⊗ Frac(R)) = T˜rp(h|A).
If S is a ramified extension, then there is a positive integer k > 1 s.t. mkS = mRS and vS(p) =
kvR(p). Hence, we have A ⊗R S = A˜ ⊗R[h] S/mkS [h] and a composition series 0 ( A˜ ⊗ S/mS (
· · · ( A˜ ⊗ S/mkS . Its composition factors are all isomorphic to A˜ ⊗R[h] S/mS [h]. Therefore,
T˜rp(h|A⊗R S) = 1
vS(p)
k∑
i=1
Tr(h|A˜⊗R S ⊗ Frac(S)) = 1
kvR(p)
kTr(h|A˜⊗ Frac(R)) = T˜rp(h|A).
By Proposition 4.1 and 5.4, any finitely generated Z-free Z[〈g, h〉]-module base changes to
an Rp[〈g, h〉]-module that is Rp-free of finite rank and the p-Brauer character of the Tate coho-
mology is unchanged. By Lemma 5.3, it suffices to consider the p-Brauer character for the Tate
cohomology of Rn,m.
We will calculate the Tate cohomology of Rn,m by using the p-Brauer character. To do this,
we use the following lemma:
Lemma 5.5. (Chapter III, Lemma 3 of [6])
Let q = pk for a positive integer k. Then pR = (1− ζq)ϕ(q)R.
For a positive integer s and R = Zp[ζps ] , a discrete valuation v(p) is given by ϕ(ps) and
maximal ideal of R is (1− ζps)R.
Lemma 5.6. Suppose that the prime factorization of N is
∏
pnii . Then,
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T˜rpi(h|Hˆ∗(g,Rn,m)) =

niζ
m
|h| (n = 0)
−ζm|h|
ϕ(pli)
(|gn| = pli, 1 ≤ l ≤ ni)
0 (otherwise)
.
Proof. Now, h acts as ζm|h| on Hˆ
∗(g,Rn,m) and v(p) = ϕ(pnii ). By T˜rpi(h|Hˆ∗(g,Rn,m)) =
T˜rpi(h|Hˆ0(g,Rn,m))− T˜rpi(h|Hˆ1(g,Rn,m)) and Lemma 4.5, it suffices to calculate the pi-Brauer
characters of Rpi/NRpi and Rpi/(1− ζnN )Rpi .
When n = 0, by Lemmas 4.5 and 5.5, Rpi/NRpi
∼= Rpi/pnii Rpi ∼= Rpi/(1 − ζpnii )
niϕ(p
ni
i )Rpi .
This module has a conposition series 0 ( Rpi/(1 − ζpini )Rpi ( · · · ( Rpi/(1 − ζpini )niϕ(p
ni
i )Rpi
and its composition factors are all isomorphic to Rpi/(1− ζpini )Rpi . Hence, T˜rpi(h|Rpi/NRpi) =
niζ
m
|h|.
When |gn| = pli, ζnN is a pli-th primitive root of unity. By Lemma 5.5, we have (1− ζpli)
ϕ(pli) =
(1−ζpnii )
ϕ(p
ni
i ). Hence, by Lemma 4.5, we have Rpi/(1−ζpil)Rpi ∼= Rpi/(1−ζpini )ϕ(p
ni
i )/ϕ(p
l
i)Rpi .
This module has the length ϕ(pnii )/ϕ(p
l
i) and its composition factors are all isomorphic to
Rpi/(1 − ζpini )Rpi . Calculating the pi-Brauer character, we have T˜rpi(h|Rpi/(1 − ζpli)Rpi) =
1/ϕ(pli).
When |gn| = pki q, where q 6= 1, (q, pi) = 1 and 0 ≤ k ≤ ni, ζnN is a pki q-th primitive root
of unity. Let pi be a surjective homomorphism Rpi → Fpi [ζN |h|/pnii ];
∑∞
j=0 cjp
j
i 7→ c0, ζN |h| 7→
ζN |h|/pnii . Then Ker(pi) is the maximal ideal of Rpi and Frobpi on Fpi [ζN |h|/pnii ] is an automor-
phism. We have pi(ζpki q
) = Frob−kpi (ζ
pki
pki q
) 6= 1. Hence, 1 − ζnN /∈ Ker(pi). 1 − ζnN is a unit of
Rpi because every element of a local ring not included in a maximal ideal is a unit. Therefore,
Rp/(1− ζnN )Rp = 0.
We generalize Proposition 3.3 (Proposition 2.2. of [4]) using the p-Brauer character.
Theorem 5.7. Let G be a finite group. Suppose that g ∈ Cent(G) has order N and that
h ∈ G is an N -regular element. Let A be a finitely generated R-free R[〈g, h〉]-module. Then
Hˆ∗(g,A) = Hˆ0(g,A)− Hˆ1(g,A) is a virtual representation of 〈h〉, and
T˜rpi(h|Hˆ∗(g,A)) =
N−1∑
k=1
ak,piTr(g
kh|A),
ak,pi =

1∑
(pi,d)=1,d|N ϕ(N/d)
(
ni − l −
ni − l − 1
pi
)
((k, pnii ) = p
l
i, 0 ≤ l ≤ ni − 1)
0 ((k, pnii ) = p
ni
i )
,
where the prime factorization of N is
∏
pnii .
Proof. Suppose T˜rpi(h|Hˆ∗(g,A)) =
∑N−1
k=0 ak,piTr(g
kh|A). It suffices to take A = Rn,m. By an
inverse discrete Fourier transform and Lemma 5.6, we have
ak,pi =
1
N
N−1∑
b=0
T˜rpi(h|Hˆ∗(g,Rb,m))Tr(gkh|Rb,m)
=
1
N
ni + ∑
|gb|=pi
−1
ϕ(pi)
ζ−kbN +
∑
|gb|=p2i
−1
ϕ(p2i )
ζ−kbN + · · ·+
∑
|gb|=pnii
−1
ϕ(pnii )
ζ−kbN
 .
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Let (k, pnii ) = p
l
i. If s > l, then
∑
|gb|=psi ζ
−kb
N is a sum of primitive p
s−l
i -th roots of unity and
equals an integer multiple of the Mo¨bius function µ(ps−li ). If s ≤ l, then we have
∑
|gb|=psi ζ
−kb
N =
ϕ(psi ).
Hence, when (k, pnii ) = p
ni
i , we have ak,pi =
1
N (ni − 1− · · · − 1) = 0.
When (k, pnii ) = p
l
i, because (N/p
ni
i ) =
∑
d|(N/pnii ) ϕ(N/p
ni
i d), we have
ak,pi =
1
N
(
ni − 1− · · · − 1 + p
l
i
ϕ(pl+1i )
)
=
(ni − l)ϕ(pl+1i ) + pli
Nϕ(pl+1i )
=
pl+1i (ni − l)− pli(ni − l − 1)
pl+1i ϕ(p
ni
i )(N/p
ni
i )
=
1∑
(pi,d)=1,d|N ϕ(N/d)
(
ni − l −
ni − l − 1
pi
)
.
Corollary 5.8. Suppose that g is an element of M of order N =
∏
pnii . Let V be an integral form
of the monster vertex algebra. If h ∈ CM(g) is N -regular, then
∑
n∈Z T˜rpi(h|Hˆ∗(g, Vn⊗Zpi))qn−1
is a linear combination of Hauptmoduls and is denoted by
∑
d|N ad,piϕ(N/d)Tgdh(τ).
Proof. By Theorem 5.7 and the fact that McKay-Thompson series depend only on conjugacy
classes.
We propose the following conjecture about the graded p-Brauer character for Tate cohomol-
ogy;
Conjecture 5.9. For any element g ∈M of order N with prime factor p and N -regular element
h ∈ CM(g),
∑
n∈Z T˜rp(h|Hˆ i(g, Vn ⊗ Zp))qn−1 (i = 0, 1) is a linear combination of Hauptmoduls.
From Corollary 5.8, we can give a counterexample to a conjecture of Borcherds about van-
ishing of Tate cohomology Hˆ1(g, V ).
Theorem 5.10. Let V be an integral form of the monster vertex algebra. Then there exists a
Fricke element g s.t. Hˆ1(g, V ) 6= 0.
Proof. Let g be an element of the monster in class 8A. Then g is a Fricke element. By Corollary
5.8, we have∑
n∈Z length(Hˆ
∗(g, Vn))qn−1 = a1,2ϕ(8)Tg(τ) + a2,2ϕ(4)Tg2(τ) + a4,2ϕ(2)Tg4(τ).
Comparing coefficients of q2, we have length(Hˆ0(g, V3))−length(Hˆ1(g, V3)) = −256. This means
Hˆ1(g, V3) 6= 0. Hence, Hˆ1(g, V ) 6= 0.
We propose a weaker version of Borcherds’s conjecture about vanishing of Tate cohomology
Hˆ1(g, V ).
Conjecture 5.11. Let V be an self-dual integral form of the monster vertex algebra. If g is a
Fricke element such that gi is a Fricke element for any i > 0, then Hˆ1(g, V ) = 0.
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